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Abstract 

We show how to compute loop graphs in heavy baryon chiral perturbation the- 
ory including the full functional dependence on the ratio of the Delta-nucleon 
mass difference to the pion mass, while at the same time automatically in- 
corporating the 'V/Nc cancellations that follow from the large- A'^c spin-flavor 
symmetry of baryons in QCD. The one-loop renormalization of the baryon 
axial vector current is studied to demonstrate the procedure. A new can- 
cellation is identified in the one-loop contribution to the baryon axial vector 
current. We show that loop corrections to the axial vector currents are ex- 
ceptionally sensitive to deviations of the ratios of baryon-pion axial couplings 
from SU (6) values. 
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I. INTRODUCTION 



Baryon chiral perturbation theory can be used to systematically compute the properties 
of baryons as a function of the light quark masses m^. A physical quantity's non-analytic 
dependence on niq is calculable from pion-loop graphs; its analytic dependence has contri- 
butions both from pion-loop graphs and from low-energy constants that are present in the 
chiral Lagrangian. 

It is convenient to formulate baryon chiral perturbation theory in terms of velocity- 
dependent baryon fields, so that the expansion of the baryon chiral Lagrangian in powers of 
mq and l/rriB (where is the baryon mass) is manifest This formulation is called 

heavy baryon chiral perturbation theory. The earliest application of heavy baryon chiral 
perturbation theory was to baryon axial vector currents 0. Two important results were 
obtained from this analysis. First, the baryon axial coupling ratios were found to be close 
to their SU{6) values with an F/D ratio close to 2/3, the value predicted by the non- 
relativistic quark model. Second, there were large cancellations in the one-loop corrections 
to the baryon axial vector currents between loop graphs with intermediate spin- 1/2 octet 
and spin-3/2 decuplet baryon states. It was later proven using the 1/Nc expansion that the 
baryon axial couplings ratios should have SU{Q) values with F/D = 2/3, up to corrections of 
order for pions In addition, it was shown that axial vector current loop graphs 

with octet and decuplet intermediate states cancel to various orders in Nc. For nucleon and 
Delta intermediate states, there is a cancellation of the one-loop graphs to two orders in N^, 
each individual one-loop diagram is of order Nc, but the sum of all one-loop diagrams is of 
order 1/Nc 0. Similar large- A^c cancellations also occur for other baryonic quantities 

We would like to find a calculational scheme that simultaneously exhibits both the rriq 



^The ratio F/D is equal to 2/3 in the quark representation, and to 5/8 in the Skyrme represen- 
tation. The quark and Skyrme representations are equivalent in large [|| up to corrections of 
relative order l/N^ for pions Q. We will use the quark representation in this paper. 
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and 1/Nc expansions. In the chiral limit iriq 0, pions become massless Goldstone boson 
states. There is an expansion about the chiral limit in powers of rrig/A^, or equivalently, 
in powers of m^/A^, where ~ 1 GeV is the scale of chiral symmetry breaking and 
is the pion mass.0 In the large- A^^c limit, the nucleon and Delta become degenerate, 
A = Ma — Mjv oc l/N^ 0, and form a single irreducible representation of the contracted 
spin-flavor symmetry of baryons in large- A^c QCD There is an expansion in powers of 

1/A^c about the large- A"c limit. We will consider a combined expansion in niq/A^ and 1/A^c 
about the double limit rriq — > and A'c — > oo. 

Loop graphs in heavy baryon chiral perturbation theory have a calculable dependence 
on the ratio m^r/A. In general, this dependence is described by a function F{mTj, A). In the 
chiral limit mg — > with A held fixed, the function can be expanded in powers of rriTr/A, 

F(m.,A)=Fo+(^)Fi + (^)'F, + ..., (1) 

whereas in the 1/A"c — > limit with m-jr held fixed, the function can be expanded in powers 
of A/m^, 

F {m^,A) = Fo + (—) F, + (—) F2 + . . . . (2) 

The difference between the two expansions in Eqs. (|l]) and (|^) is commonly referred to as 
the non-commutativity of the chiral and large- A^c limits 0. 

It is important to remember, however, that the conditions for heavy baryon chiral per- 
turbation theory (including Delta states) to be valid are that m^r <^ A^ and A ^ A^^. 
The ratio rrij^/A is not constrained and can take any value. The entire dependence of a 
physical quantity on nxT^j IS. is calculable in heavy baryon chiral perturbation theory so 

^For SU{3)l X SU{3)r chiral symmetry, there are loop corrections involving the pions, kaons and 
rj which depend on the pion, kaon and r] masses, respectively. Chiral perturbation theory depends 
on the expansion parameters m^/A^, m|^/A^ and m^/A^. Large- A'c chiral perturbation theory 
also depends on the t]' mass. 
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the ratio m,r/A need not be small or large for calculations. In the real world, rriT^/ ^ ~ 0.5, 
so it is useful to have a calculational scheme that retains the full functional dependence of 
-F(m7r,A) on the ratio m7r/A. A straightforward approach is to simply calculate the full 
dependence on ttItt/A of the loop graphs, and evaluate the loop correction at the physical 
value m^r/A ~ 0.5 Another common procedure advocated in the literature is to not 

include intermediate Delta particles explicitly in loops, but to incorporate their effects into 
the low-energy constants of the effective Lagrangian The disadvantage of this second 
approach is that one finds large numerical cancellations between loop diagrams with interme- 
diate nucleon states and low-energy constants containing the effects of Delta states. These 
cancellations are guaranteed to occur as a consequence of the contracted spin-flavor symme- 
try which is present in the ^ oo limit. The large- A'c spin- flavor symmetry responsible for 
the cancellations is hidden in this approach because including only the spin- 1/2 baryons in 
the chiral Lagrangian breaks the large- iVc spin- flavor symmetry explicitly, since the spin-1/2 
and spin-3/2 baryons together form an irreducible representation of spin-flavor symmetry. 
Because the sum of the loop contributions with intermediate octet and decuplet states re- 
spects spin- flavor symmetry and is much smaller (by powers of 1/A^c) than each individual 
loop contribution separately, it is important to keep the large-A^c spin-flavor symmetry of 
the baryon chiral Lagrangian and the large- A'^c cancellations manifest. 

In this paper, we will show how one can combine heavy baryon chiral perturbation 
theory with the 1/Nc expansion so that the full-dependence on m^r/A is retained and the 
1/Nc cancellations are explicit. This method has the advantage that the loop correction to 
the baryon axial isovector current, which is order 1/Nc, is automatically obtained to be of 
this order, instead of as the sum of two contributions (loop correction and counterterm) of 
order Nc which cancel to two powers in l/N^. Note that at higher orders the cancellations 
become more severe, and it is even more important to keep the 1/Nc cancellations manifest. 
For example, at two loops, each loop diagram is naively of order A"^, whereas the sum of all 
two-loop diagrams is order 1/A^. Not including the l/N^ cancellations in a systematic way 
gives a misleading picture of the baryon chiral expansion — one finds higher order corrections 
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that grow with Nc-, which is incorrect. Including the l/N^ cancellations restores the 1/Nc 
power counting so that the loop corrections are suppressed by the factor l/N^^, where L is 
the number of loops. 

The organization of this paper is as follows. In Sec. 0, we begin with a brief overview 
of the 1/Nc cancellations occurring in the one- loop correction to the baryon axial vector 
currents. In Sec. |T|, we derive the formula for the one-loop correction to the baryon axial 
vector currents for arbitrary A/m.^, in a form that is convenient for later use. The structure 
of large- Ai"c cancellations for A/m^ = and A/m.^ ^ are discussed in Sees. |V| and 0, 
respectively. The general power counting for large- A^c cancellations is derived to all orders 
in the baryon hyperfine mass splitting A, and it is determined that the dominant large-N^ 
cancellations are present only in terms that are of low and finite order in A. A procedure 
for subtracting and isolating these large-A^c cancellations is given. Other contributions to 
axial vector current renormalization are briefly presented in Sec. VI. Our conclusions are 
summarized in Sec. VII. 



II. OVERVIEW 

A brief review of heavy baryon chiral perturbation theory and the 1/Nc baryon chiral 
Lagrangian can be found in Ref. [jlOl, so only a few salient facts will be repeated here. The 
pion-baryon vertex is proportional to Qa/ f ■, where / is the decay constant of the vr meson. 
In the large- A'c limit, qa oc and / oc \/Wci so that the pion-baryon vertex is of order 
\/iVc and grows with Nc- The baryon propagator is i/{k-v) and is A^c- independent, as is the 
pion propagator. In the MS scheme, all loop integrals are given by the pole structure of the 
propagators, so loop integrals do not depend on Nc- 

The tree- level matrix element of the baryon axial vector current is of order Nc, since qa 
is of order A'c. The one-loop diagrams that renormalize the baryon axial vector current are 
shown in Fig. |T|. Each of the one- loop corrections in Fig. l(a,b,c) involves two pion-baryon 
vertices, and is order A'^c times the tree-level graph. 
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(a) (b) (c) 




(d) 

FIG. 1. One- loop corrections to the baryon axial vector current. 

The matrix elements of the space components of the baryon axial vector current between 
initial and final baryon states B and B' will be denoted by 

(E'|V57''75T>|5) = 

where B and B' are baryons in the lowest-lying irreducible representation of contracted- 
SU{6) spin- flavor symmetry, i.e. the spin-1/2 octet and spin-3/2 decuplet baryons. The 
Feynman diagram amplitude for B ^ B' + 7r{k) is [A*"]^,^ k*//, where k is the three- 
momentum of the emitted pion. The time-component of the axial current has zero matrix 
element between static baryons, and is represented in the heavy baryon formulation by a 
higher dimension operator in the effective Lagrangian. The matrix elements [^^^J^/^ of the 
spatial components of the axial vector current can be written in terms of the octet and 
decuplet pion coupling constants F, D, C, and H 0, each of which is of order Nc- 

The one-loop correction to the baryon axial vector current, in the limit that the Delta- 
nucleon mass difference is neglected, is proportional to the double commutator 

(4) 

where the sum over intermediate baryon states is given by matrix multiplication of the A*" 
matrices. Naively, the double commutator is of order A''^, and / oc \^Nc so that SA"^ is of 
order A'^^. One of the results of the l/N^ analysis for baryons is that the double commutator 
is of order Nc, rather than Each individual term in the sum Eq. (^) is of order N^, 
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R'R 



(3) 



SA'"" oc 



f2 



A^\ A" 



but there is a cancellation in the sum over intermediate baryons, which is guaranteed by the 
spin-flavor symmetry of large- A^^c QCD [0,^. The cancellation only occurs when the ratios 
of F, C, and 7i are close to their SU{6) values.^ The large- A^c cancellation implies that 
the one-loop correction to the axial current is 1/Nc times the tree-level value, instead of Nc 
times the tree-level value. Similarly, the two-loop correction is times the tree-level 



value, instead of A*"^ times the tree-level value (see Ref. [0 for an explicit calculation in 
the degeneracy limit). The one- loop \aige-Nc cancellations will be discussed more fully in 
Sees. IV and V. The formalism for making large-iVc cancellations manifest is provided in 
Sec. V. 

The large- A'^c cancellation in the one-loop correction to the baryon axial vector current 
can be seen numerically from explicit computation in heavy baryon chiral perturbation 
theory. The baryon axial vector current matrix element at one-loop has the form 

^ = « + (/^-^T^iV^--- 

where a is the tree-level contribution, (3 is the vertex correction, A is the wavefunction 
renormalization, m is the vr, K or rj mass, and the Delta- nucleon mass difference has been 
neglected for simplicity so there is only a chiral-logarithmic contribution. [The full one- 
loop correction will be discussed in the next section.] For the case of (p| ^7^756? |n), the 
coefficients are 

a = D + F, 
X^ = ^(F + Df + 2C\ 

= 1(9^2 - QFD + 5D^ + C^) , 



^An important point to note is that large- A^c QCD predicts only the ratios of F/D, C/D, and 
TC/D, the overall normalization of the coupling constants is not fixed by the symmetry. The large- 
Nc cancellations depend on the coupling ratios being close to their SU (6) values, and do not depend 
on the overall normalization of the couplings. 
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FIG. 2. One-loop pion correction to the baryon axial vector current {p\ wy^j^dln) . The curves 
are f3 — Xa for (from top to bottom along the left hand edge of the graph) Nir, H AK, 

S ^ Svr, H ^ Hvr, H ^ S ^ Avr, S ^ NK, A ^ NK. 

Xrf = , 
- 1 1 'ifl 

P^ = -(F + Df + ^iF + D)C'-^nC'-F-D, 

= -{-3F'^ + 3F^D - FD^ + D^) + -{F + 3D)C^ - —HC^ - -{F + D) , 
3 9 81 2 

P^ = -l-(F + D)i3F-D)\ 

Pr,' = -^{F + D)i3F - Df . (6) 

The coefficients for the other matrix elements can be found in the literature [0]. The sub- 
scripts TT, K and rj denote the contributions from vr, K and rj loops. To illustrate the 
cancellation, we have plotted the one-loop coefficients (^/3 — Xaj for the axial currents (or 
equivalently, the couplings) — A^vr, E — > Avr, E Evr, S — > Svr, A NK, S NK, 
S — > AK, and H — > J^K in Figs. ^ and ^. For simplicity, the coefficients are plotted as 
a function of F/D only — the other coupling ratios have been fixed at their SU{6) values 
C/D = —2 and Ti/D = —3. The best fit to the baryon axial currents has the axial coupling 
ratios close to their SU{6) values [0,0, so this is a reasonable approximation. The large- iVc 
analysis indicates that there should be some cancellation in the loop correction when F/D 
is close to the SU{6) value of 2/3. This suppression is evident separately for the vr, K and 
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FIG. 3. One-loop kaon correction to the baryon axial current (p| '^7^750? |n). The curves are 

/3 — Aq for (from top to bottom along the left hand edge of the graph) H Hvr, S Svr, H AK, 
A ^ NK, E T,K, N ^ NTr,T,^ A7T,T,^ NK. 
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rj loops for all eight processes. This is the cancellation pointed out phenomenologically in 
Ref. and later proved in Refs. [0,3. We will study this cancellation quantitatively in 

terms of the 1/Nc expansion in this work. 



III. ONE-LOOP CORRECTION TO THE AXIAL CURRENT 



The one-loop diagrams that contribute to the baryon axial vector current are shown in 
Fig. Figs. |l](a,b,c) are of order Nc times the tree-level vertex, and Fig. |l|(d) is of order 
1/Nc times the tree-level vertex. The large- A^c cancellations occur between Figs. |l](a,b,c), so 
we will concentrate on these three diagrams in this section. The contribution from Fig. |I](d) 
is considered briefly in Sec. VI. Both contributions can be found in Ref. 0.0 

All the loop graphs we need can be written in terms of the basic loop integral 



5'^ F{m, A, fi) 



(7) 



P J (27r)4 (fc2 _ ^2)(^ . y _ ^ + ' 

where /i is the scale parameter of dimensional regularization. Evaluating the integral gives 



247r'r F(m, A,/i) 



A ( - -m^] In ^ - - A^ - - Am^ 



2 ^"^^^ V Vrn^-A^ 



2 (m^ - A^f^ 



+ 



(A^ - m 



2\3/2 



In 



a+Va^ 



lAI < m, 



lAI > m . 



(8) 



A. Wavefunction Renormalization 



The wavefunction renormalization graph for baryon B is shown in Fig. ^ where one sums 
over all possible intermediate baryons Bj. The loop graph is equal to 



^Fig. 11(d) is linear in the pion-baryon coupling constants F, D and C, whereas Figs. Q(a,b,c) are 
cubic, so it is easy to identify the two pieces in existing calculations. 
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B 



B 



B 



iGf 



j,k,b,Bj 



I' 



FIG. 5. One-loop wavefunction renormalization graph. 

d^k (k'=)(-k^') 



-J^kb 






BiB j 




BBi 







(9) 



where h = 1, ... ,9 or it, K,ri,ri' labels the intermediate meson.Q The wavefunction renor- 
malization correction for baryon B is 

dGB 



^B 



d{p ■ v) 



(10) 



p-v=0 



The wavefunction correction to the axial vector current matrix element {B'\ A^"- \B) depends 



on 



Zb'b — 2 i^B' + Zb) , 



(11) 



which can be written in terms of the function F{m, A, n) defined in Eq. (|^ as 

dF{mb,ABjB,lJ') 



Zb'b = E [^'' 

j,b,Bi 









B'Bi 




BiB 



dA 



BjB 



(12) 



where 

Ab,b2 = Mb, - Mb,. 
The wavefunction renormalization correction Zb'b is diagonal in flavor and spin. 



(13) 



^The 7]' is a ninth Goldstone boson in the large Nc hmit |12,13|. Our formulae apply to the r/' 
corrections, with flavor matrix = ^2/3. The formalism for including the rj' is described in detail 
in Ref. M. 
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B Bi 



Bo B' 



FIG. 6. One-loop vertex correction graph. 
B. Vertex Correction 

The one- loop correction to the matrix element {B'\ A'^ \ B) from the vertex graph Fig. 
can be written as 



5A' 



vertex 



y -— 

B'B .. ^ ^ p 



j,k,b,Bi,B2 



^kb 












B'B2 




B2B1 





BiB 



X 



(14) 



(27r)4 (P -ml){k-v- (Ml - M) + ie) {{k - q) ■ v - (M2 - M) + ie) ' 
where q is the outgoing momentum transfer at the axial vertex. For octet-octet matrix 
elements, q ■ v = 0, whereas for decuplet-octet transition matrix elements, q ■ v = M — M' , 
the average decuplet-octet mass difference. One can rewrite the denominator of Eq. ([Tip 
using the identity 

1 



so that 



6A' 



vertex 



B'B 



hb.BuB2 



A; 



where A^iSa is defined in Eq. (|T^). 



1 




1 


1 


(15) 


(Ai - A2) 


(P 


- Ai 


+ ie) (A;0-A2 + ie)_ 


L \b'B2 L J 


B2B1 




BiB 




-r [F{m, 

^B2B' 


Abi 


B,fJ') 




(16) 



C. Total correction 



The total correction to the baryon axial vector current matrix element from Figs. |I|(a,b,c) 



IS 



12 



5A" 



B'B 



6A' 



vertex 1 ■ ^ 



A" 



B'B2 



'B2B 



jABi,B2 
1 
2 











J^ib 






B'B2 




B2B1 




BiB 



+i E_ [A" 



j,b,Bi,B2 



+5 ^ l^' 

j,b,Bi,B2 



AJb 




' J^ib 








B'B2 




B'B2 








J^Ob 




'j^ib 




B'B2 




B2B1 





F {rub, Abj^b, /i) - {mb, /^b2B',Ij) 

^BiB — Ab2B' 

dF{mb,AB2Bi,IJ') 



B2B, dAB2B, 

dF{mb,ABiB,IJ') 

BiB dAs.B 



(17) 



(In addition to SA^"- of Eq. ([T7|) , there are also the contributions of Fig. 0(d) and the low- 
energy constants, which are considered in Sec. VI.) Eq. ([17|) includes the full dependence 
on A/m of the one-loop correction. We want to rewrite this expression so that the large- iVc 
cancellations are manifest. 

In the limit that the octet and decuplet baryons are degenerate, all the mass differences 
Aab 0, and 

1 



[F {mb,AB,B, 1^) - F{mb,AB2B',l^)] ^ F^^\mb,0, fx), 



AbiB — Ab2B' 
where F^^^ is defined by 



In this limit, the correction to the axial current Eq. (|T^ reduces to 
'6A' 



(18) 



(19) 



B'B 



j,b,Bi,B2 



+ - 



^Jb 








Aib 




B'B2 




B2B1 




J^jb 




J^jb 








B'B2 




B2B1 





BiB 



BiB ^ 2 



A'" 




^Jb 




^jb 




B'B2 




B2B1 





BiB 



(20) 



Let us adopt the more compact notation that A*" represents a matrix with matrix elements 
[y4*'*]^,^, and summation over intermediate baryon states is denoted by matrix multiplica- 
tion. Then Eq. (pO]) can be written as 

5 A'" = - ^ F^^\mb, 0, /x) ^y-A^^A'^A^^ + ]^A^^A^^A''' + ^A^M^'^A^^'j 



h,3 

^ b,j 



j^jb 



A^\ A" 



(21) 
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which is the double-commutator form originally derived in Ref. 0. 
The loop integral in the degeneracy limit A — > reduces to 

The Innih/fi term is non-analytic in the quark mass, and is called a "chiral log." The 
constant (11/3) piece is analytic in the quark masses, and has the same form as higher 
dimension terms in the chiral Lagrangian. The constant term is scheme-dependent, but the 
chiral logarithm is universal. 

We discuss the structure of the large- Ai'c cancellations for the baryon axial vector currents 
in the next two sections. First, in Sec. IV, the cancellations are studied in the degeneracy 
limit. The generalization to non-degenerate baryons is given in Sec. V. 



IV. LARGE- iVc CANCELLATIONS: A/M^ = 

The large-A'^c cancellations in the degeneracy limit for the one-loop correction to the 
baryon axial vector current follow from the double-commutator form of Eq. (|2T|). The pion 
decay constant / oc ^/N^, so the function F^^\mi,,0, fx) is of order l/Nc- Each axial vector 
current matrix element is of order Nf. (recall that Qa is of order Nc), so the correction 
SA^"" is naively of absolute order A*"^, i.e. of order A^^^ relative to the tree-level value A*". 
The large- Ai'c consistency conditions derived in Ref. PI imply that the double commutator 



Ait 



A^K A'" 



is of order Nc rather the naive order A'^, provided one sums over all baryon 
states in a complete multiplet of the large-N^ SU{6) spin-flavor symmetry, i.e. over both the 
octet and decuplet, and uses axial coupling ratios given by the large-Nc spin-flavor symmetry. 

Before discussing the cancellation in the double commutator, we first review some nec- 
essary large- iVc formalism. The baryon matrix element of the axial vector current in QCD 
can be expanded in a l/N^ expansion in terms of SU{6) spin- flavor operators [Q,^|IB|-|T^ , Q 



^For recent reviews of the large- A'^c spin- flavor symmetry, see Refs. [15 
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where q and are ^[/(G) operators that create and annihilate states in the fundamental 
representation of SU{Q), and a* and A'^ are the Pauli spin and Gell-Mann flavor matrices. 
The lowest mass baryon multiplet transforms under SU{Q) as a completely symmetric tensor 
with Nc indices. For A^c = 3, this representation decomposes under spin and flavor into a 
spin-1/2 octet and a spin-3/2 decuplet. The baryon axial vector current A*" in the large- iVc 



limit has the form [18 



A- = a,G- + E bn^.V- + E c„-^0- , (24) 

n=2,3 ^^c n=3,5 ^^c 

where the coefficients are of order one. The operators PJf are diagonal operators with 
nonzero matrix elements only between states with the same spin, and the operators O"^^ are 
purely off-diagonal operators with nonzero matrix elements only between states of different 
spin. The explicit forms for these operators can be found in Ref . . At the physical value 
A^c = 3, Eq. dl) reduces to 

A» = aiG^" + h^^fT'^ + h^Vl- + c^^Ot , (25) 

where 

Ol^ = { J2, G'"} - 1{J\ { G^"}} . (26) 

The four conventional S'f/(3) baryon axial couplings F, D, C and 7i for the baryon octet 
and decuplet can be written as linear combinations of the coefficients ai, 62, ^3 and C3 of the 
l/A'c expansion, 

D = -ai H — 63 , 
2 6 ' 

F = -ai + -62 + q03 , 

d D y (27) 

C = -ai - -C3 , 
15 



The leading order prediction of laige-Nc QCD is obtained by dropping the 1/Nc suppressed 
terms in Eq. (p^, i.e. the 3-body operators "Dg" and Og". The G*" operator gives F = 2D/3, 
C = —2D and Ti. = —3D, so that the couphng ratios, but not necessarily their absolute 
normalization, are those predicted by SU (6) symmetry. The 2-body operator J*T" corrects 
these relations. The correction is of relative order for pions. 

The baryon matrix elements of J* for the low-lying baryons in the SU (6) representation 
are of order unity. The Nc dependence of matrix elements of G*'^ and T" is more subtle, 
and depends on the particular component a chosen, as well as on the initial and final state 
baryon [Q. For the purposes of this paper, we will use the naive estimate that matrix 
elements of G*" and T"- are both of order A^^^, which is the largest they can be. We focus 
upon baryons with spins of order unity. The counting rules are summarized as: 



T ~ 1. 



(28) 



The 1/Nc expansion of a baryonic matrix element can be written as an expansion in powers 
of G'^/Nc, T^/Nc and J'/N^. The counting rules Eq. (|8D show that each factor J leads to 
a 1/Nc suppression factor. 

We can now understand the origin of the large- A'^c cancellations in Eq. (0). At leading 
order in Nc, the axial current operator A*" can be replaced by aiG*", and has matrix elements 



of order A^^.. The commutator 



aiG^"',aiG^^ is naively of order N^, since each 



G*" is of order A"c. However, the commutation relation 

-Qia^ Qjb 



111 

__ r-ij rabcrpc , _^ab ^ijk jk , _^abc ijk^kc 

A ■' 6 2 



(29) 



shows that matrix elements of the commutator 



are at most of order Nc, since the 



right-hand side of Eq. ( P^ is at most of order A^^- Thus there is a factor of Nc cancellation 



from the summation over interme- 



between the various terms in the commutator 
diate baryon states. Similarly, one finds that there is a factor of Nc cancellation in the sum 
over intermediate states for the commutators 



a /~fib 



T\G 



■jabcQic 



(30) 
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and 



rpa rpb 



^ jahcrpc 



(31) 



where the naive counting rule Eq. ( pHD has been used to estimate the order in Nc of both 
sides of these equations. The basic reason for the cancellation is that the maximum order 
in Nc an r-body operator matrix element can be is N^, (an r-body operator is one with r 
q's and r g^'s, i.e. can be written as a polynomial of order r in J*, G*" and T"), but the 
commutator of an r-body and s-body operator is at most an r + s — 1 body operator. Thus, 
every commutator potentially leads to a cancellation by one factor of Nc. However, not 
every commutator gives a factor of A^^^ cancellation. The commutators 



(32) 



and 



le 



ijk^ka 



(33) 



have no cancellations, since both sides are of order one and order Nc, respectively. The 
reason that there is no cancellation in Eqs. ( P^ ) and ( |55| ) is that J* is a one-body operator 
whose matrix elements are of order unity, rather than of order Nc- 

Equations (|30|)-(p3D lead to the conclusion that each commutator produces a Nc can- 
cellation, unless a factor of J* is eliminated. The double-commutator in Eq. (^) has a 



cancellation of A^^, because 



J + G + T, so that the double-commutator 
is order N^ rather than N^. This was the cancellation observed numerically in Ref. 0, and 
later proven in the 1/Nc expansion in Refs. PMl- 



V. LARGE- A^c CANCELLATIONS: A/M^ / 



In this section, we analyze the large- A''^ cancellations in the renormalization of the baryon 
axial vector current for finite A/m^. 
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Equation (|T7|) can be expanded in a power series in A. Expanding the function 
F{m, A,/i) in a power series, and collecting terms gives 



1 



+ V)K,0,/i) {A^' 



A" 



-F(3)(mb,0,/x) 

D 



,A" 



M,A^^ 



} (34) 



+ . . . 



where Ai is the baryon mass matrix. In deriving this result we have converted explicit sums 
over intermediate baryons to implicit sums in the matrix multiplications. One can use either 
the baryon mass matrix Ai, or the baryon mass-splitting matrix AAi in Eq. (34), since A4 
differs from AAi by the average baryon mass times the unit matrix, which commutes and 
drops out of Eq. (0). To evaluate Eq. ( ^4|) to all orders in A/m^ would be extremely 
difficult, since one would have to sum an infinite series, with each term having a coefficient 
which is a complicated commutator/anticommutator of A^'s and A^^'s. 

We would like to evaluate graphs in heavy baryon chiral perturbation theory so that the 
1/Nc cancellations are manifest, and do not occur as numerical cancellations at the end of 
the calculation. We will now show that the large Nc cancellations only occur in the first few 
terms of Eq. (|3^), so that the remaining terms can be summed using conventional heavy 
baryon chiral perturbation theory in the usual manner. 

The expansion Eq. (0) has a different structure depending on whether one has an even 
or odd number of insertions of the baryon mass operator Ai. Terms with 2r insertions 
of A4 have 2r + 2 commutators, whereas terms with 2r + 1 insertions of have 2r + 2 
commutators and one anticommutator. 

The general form of the baryon mass operator in the 1/Nc expansion in the SU{3) limit 
is [|,|Jl|-|l8| 

J2 



M = N, 



(J2)2 

mo + mi— +m2^ + ... 



(35) 



The importance of a given term in the 1/Nc expansion can be obtained by counting powers 
of J. Each factor of J/Nc leads to a 1/Nc suppression, since J is of order unity according 
to the counting rules Eq. (|28D . 



TABLE I. Table of the order in Nc of the terms in the expansion of the one-loop correction to 
the axial currents. See the text for an explanation of the entries. 
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2 


4 


4 


6 


6 
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(E) 


net power 









1 





1 





1 





(F) 


number of J's 






P 

p = 0,l 


p + 2 


p + 4 


p + 6 


p + S 


p+10 


p+ 12 


(G) 


J's left 


{° 

[P 


- 2 


p>2 


P 


P 


p + 2 


p + 2 


p + 4 


p + 4 










p = 0,l 














(H) 


final Nc power 


i: 


-P 


p>2 


1-p* 


-P 


— 1 — p 


-2-p 


—3 — p 


-4 -p 


(I) 


usual Nc power 




2 


-P 


1 — p 


-P 


— 1 — p 


-2-p 


—3 — p 


-4 -p 



* Actually is for p = 0. See text. 



We now have all the necessary ingredients to count the power in l/A^^c of a general term 
in Eq. (|3^). The operators and A4 are one-body operators, with naive order A^^, so the 
term in the expansion in Eq. (0) is naively of order A^^"*"*""^, including the factor of 
1/Nc from the 1//^ in the loop integral F, as shown in row (C) of Table |. The number of 
commutators in each term is listed in the next line in this table. Every commutator (naively) 
leads to a decrease in the naive Nc order by unity, since the commutator of an r-body and 
an s-body operator is at most an r + s — 1 body operator. This leads to the Nc power given 
in row (E). Finally, we need to count the powers of J in each term. Each factor of Ai has 
at least two J's, since the m^Nc term in Eq. ( P^D drops out of the expression Eq. (0). Each 
factor of y4*" can have > J's, as is clear from Eqs. (|24D -(^6D. The number of J's in the 
original expression is listed in row (F), where p > is the number of extra J's from M. 
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or A*", beyond the minimum values of two and zero, respectively. Finally, note that each 
commutator can be used to eliminate one power of J . Thus the net power of J left is given 
by subtracting the number of commutators from the number of J's. The minimum number 
of J's is non-negative, and is listed in row (G). Thus, the final Nc power (row (H)) is given 
by the net power in row (E) minus the minimum number of J's in row (G) since there is an 
additional 1/Nc factor for each J. One can compare this with the "usual" counting rule 
listed in row (1). The usual counting rule is obtained by including a factor of Nc for each 
A*" (i.e. for each factor of F, D, C or 7^), a factor of 1/Nc for the 1//^, and a factor of l/N^ 
for each power of A, with p > representing l/N^ suppressed terms. 

One interesting point can be noted from Table |. The dominant l/N^ corrections from 
the baryon mass splittings are due to multiple insertions of the J^ term in the baryon mass 
matrix. Two insertions of the J^ term (the p = term in the M.^ column) is A^^^ more 
important than one insertion of the J^ term (the p = 2 term in the Ai^ column). 

There is an extra cancellation in the term linear in Ai that is not apparent in Table |. 
We will discuss this new large- A'^c cancellation momentarily. Including this effect, one sees 
from Table | that all terms in the expansion of Eq. ( jn\ ) with two or more powers of A4 
have the same Nc behavior as one finds with the usual Nc counting, i.e. these terms have 
no extra cancellations. One can therefore treat all terms with two or more powers of Ai by 
conventional heavy baryon chiral perturbation theory — compute all the graphs, with vertices 
written in terms of F, D, C and Ti. The only terms that have to be treated specially are 
those with zero or one power of A4. To compute graphs in the conventional way omitting 
the first two terms in Eq. (|3^ is trivial; one simply rewrites the loop integral Eq. (^ by 
explicitly extracting the first three terms in an expansion in A, 

F{mb, A, /i) = F{mb, 0, /x) + F«(mb, 0, /x)A + ^F^^\mb, 0, fi)A^ + F{mb, A, /i). (36) 

and takes the standard expressions for the loop corrections written in terms of F, D, C and 
Ti, with F F. This procedure sums the entire series in {A/niT^Y starting with r = 3. 
To this result is added the first two terms in Eq. (^4|). One needs to extract three terms 
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from F to obtain the first two terms in Eq. (0), since since F{mb,0, fi) cancels out of the 
correction. 

One can now analyze the first two terms in the expansion of Eq. (p!?]), which are given in 
Eq. (|3^). The first term is the double commutator term discussed in the previous section. 
We see from Table | that this term is naively of order N^, but actually is at most of order 
A'^. This is consistent with the loop expansion being an expansion in h/Nc, since the one- 
loop correction is of order 1/Nc relative to the tree- level contribution of order Nc- It is also 
apparent from Table | that all terms of order with p = 0, 1,2 are equally important. 
Since there are no powers of the baryon mass operator, the p factors of J must all arise 
from 1/Nc corrections in the axial vertices A^°'. The expression for the axial current relevant 
for A^c = 3 is given in Eq. (pS]), from which it follows that terms with p = 0, 1,2 in the 
product AAA are of the form GGG, GO JT, G JT JT, GGV^, and GGO3. All these terms 
contribute at the same order to the double-commutator, whereas according to the usual 
counting one would have expected the p = product GGG to be one power of N^. more 
important that the p = 1 product GGJT, which in turn would be more important by one 
power of Nc than the p = 2 products. This result has an important consequence: the 
one-loop correction is very sensitive to the deviations of the axial coupling ratios from their 
SU (6) values. While the deviations are small corrections to the couplings themselves, their 
importance gets enhanced in the one- loop coefficient, because the leading term (proportional 
to af) is l/N^ suppressed. Thus, for example, the ai term is the dominant contribution to 
F, D, C and Ti, and the C3 term is a 1/A"^ correction, but the af and afcs terms are just as 
important in the one-loop correction. Explicit forms for the one-loop correction in terms of 
ai, 62, &3 and C3 will be given elsewhere. 

The second term in Eq. (p4[) is 



iF(2)(mfe,0,/i) {A^\ A^'']]} (37) 

and is at most of order Nc (using the value {1 — p) for p = 0), the same order as the tree- 
level contribution to the axial current. This result is surprising, because the 1/Nc expansion 
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is a semiclassical expansion in h/Nc- One should be able to obtain the leading in 1/Nc 
contributions from classical field theory. For example, it was shown that the Nju'^J'^ one- 
loop correction to the baryon mass could be obtained from the energy of the pion cloud 
coupled to a classical baryon source [^]. The term in Eq. ( pT]) involves the baryon mass 
splitting, which is a quantum effect. The order N^. contribution to Eq. (^) comes from using 
A'"" = aiG'", and AM = m2J^/Nc, 



a\m2 
~2N7 



(38) 



The operator factor \G^^, 



I is naively of order A^^, which implies that the 
correction Eq. ( p8|) is an order Nc correction to the axial currents, since F(2)(mb,0,/i) is of 
order l/N^. However, an explicit computation of the operator product using the identities 
in Ref. gives 



} = - { J^ G'"] + -{Nf + N,) fT" --{Nf- 2) G" 



(39) 



2^ J w 2 

which is only of order A*"^, using the A^^c-counting rules in Eq. (^). The order A*"^ part of 
Eq. (^) vanishes, which is a new cancellation in the one-loop correction to the axial vector 
current. Consequently, Eq. ( |57D is of order A'^ rather than order and is consistent with 
being a quantum correction. 



VI. OTHER CONTRIBUTIONS 



We have computed the chiral logarithmic correction to the axial vector current from 
Figs. ||(a,b,c). There is also the contribution from Fig. [^(d), which is 



(40) 



where 



limb) = 4 / 



pJ (27r)4F-m2 167r2/2 



In /yU — 1 ) • 



(41) 
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This contribution is of order 1/Nc relative to the tree-level contribution, and does not involve 
any cancellations between Delta and nucleon states. 

In addition to the loop corrections, one has the contribution from low-energy constants 
multiplying higher dimension operators in the heavy baryon chiral Lagrangian. These terms 
are analytic in the quark mass m^. The analytic contributions from the chiral Lagrangian 
can be of order N^., i.e. the same order in as the tree-level contribution. 



VII. CONCLUSIONS 

We have shown how to rewrite loop corrections in heavy baryon chiral perturbation 
theory so as to include the full dependence on the Delta-nucleon mass difference, while at 
the same time including the cancellations that follow from the large- A^c spin-flavor symmetry 
of baryons. The treatment in this paper has included the decuplet-octet mass difference, but 
neglected the SU{?>) splittings of the octet and decuplet baryons. It is possible to generalize 
our analysis by including the SU{?)) mass splittings in the baryon mass operator M.. 

The one-loop correction to the baryon axial vector currents is very sensitive to deviations 
of the axial couplings from their SU (6) symmetry ratios, since the correction that depends 
only on the SU{Q) coupling ratios (the GGG term) is suppressed by l/N^, and the first 
subleading correction (the GGJT term) is suppressed by 1/Nc. Thus, the normally second 
subleading terms with two powers of J in the axial currents are as important as these two 
contributions. We also have found a new cancellation in the one-loop correction to the 
baryon axial vector current in the term linear in the baryon mass splittings. 

The large- iVc cancellations play an important role in the one-loop corrections to the axial 
vector current, and become more important at higher loops. They also play an important role 
in the one-loop corrections to other baryon properties, such as the baryon masses P,^, p^ , |20 



At one loop, the m^/^ correction to the baryon mass from Fig. |^ is of order Nc, the same order 
as the tree-level baryon mass term, and there is no cancellation between nucleon and Delta 
states. However, at two loops, the graphs in Fig. ^ produce m^^^ corrections to the baryon 
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FIG. 7. One-loop correction to the baryon mass. 




FIG. 8. Two-loop correction to the baryon mass. 

mass that are formally of order A^^, but have cancellations which make the net correction 
of order one. 
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